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Received 29 December 2003; received in revised form 2 November 2004
Available online 22 December 2004
Abstract

Effective elastic characteristics of periodic multicomponent composite materials with random interface defects are
studied in the paper. The defects are assumed to be semi-elliptical and lying with major semi axes along the interfaces,
where minor and major semi-axes as well as the defects number are given as input random variables. The homogeni-
zation approach has a multiscale character—some algebraic approximation is used first to calculate effective elastic
parameters of the interphase including all defects located at the same interface. Equations for interphase random elastic
parameters are obtained using MAPLE symbolic mathematics in conjunction with probabilistic generalized perturba-
tion method. A different homogenization method is applied at the micro scale, where the cell problem is solved numer-
ically using the Finite Element Method (FEM) program. Since the composites considered exhibit random variations of
both elastic properties and the interface defects, the overall homogenized characteristics must be obtained as random
quantities, which is realized on the micro scale by the Monte-Carlo simulation. The proposed interface defects model
obeys the porosity effects resulting from the nature of some matrices in engineering composites as well as the interface
cracks appearing as a result of composites ageing during static or fatigue fracture.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Interface phenomena in composite materials initiating and progressing between their components can be
decisive for their strength, fatigue resistance and, especially, effective mechanical properties of a composite
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(Brandt, 1995; Mital et al., 1993; Schellekens and de Borst, 1994). According to numerous physical mech-
anisms like natural porosity of some materials used as matrices, cavitation erosion (Hammond et al., 1993),
local shape variations of the reinforcement, initial thermal stresses (Golansky et al., 1997) resulting from
manufacturing processes as well as static or fatigue micro cracks, the interface should be treated as random.
Since experimental verification returns elastic properties, yield stresses etc. for composite components in
statistical form, then the homogenization method should reflect this randomness. The first probabilistic
models in homogenization (Ghosh et al., 1995; Jeulin and Ostoja-Starzewski, 2001; Sab, 1992) were primar-
ily developed for heterogeneous materials and/or structures, where spatial distribution of the components is
treated as random variable or field. It usually led to some algebraic approximation for effective tensor with,
however, a deterministic form. Probabilistic methods development was connected with numerical tech-
niques emerging in stochastic mechanics, where the Monte-Carlo simulation, being the oldest computa-
tional approach, played a crucial role, cf. (Cruz and Patera, 1995; Hurtado and Barbat, 1998).

The first formulation for a random composite with random interface defects was given by the stochastic
perturbation-based finite element method (SFEM). Random geometry was modeled as a deterministic one
and the semi-elliptical defects were homogenized in the interphase region; an alternative approach based on
the interface finite elements is presented by (Schellekens and de Borst, 1994), whereas a contact finite
element study can be based on the analysis included in (Zavarise et al., 1992). The random composite so
defined with homogenized interphases is homogenized once more on the micro scale level using the effective
moduli method and the Monte-Carlo simulation technique. Analogous deterministic micro-macro homog-
enization methods for composites with some defects were summarized in (Golansky et al., 1997; Lené and
Leguillon, 1982). The proposed formulation forms a two-level mathematical model; it makes it possible to
obtain some probabilistic characterization of the interphase effective elastic properties and, on the second
level, the global homogenization of the entire Representative Volume Element (RVE). This is an essential
extension of the model introduced by (Kamiński, 1995; Kamiński and Kleiber, 2000), where effective
parameters of the interphase were overestimated because of the spatial averaging method applied at the
interface level. Thanks to the new formulation, the final results are believed to be more accurate than
the one-step averaging (or homogenization) of the entire RVE. Combined symbolic-FEM computational
strategy eliminates the deficiencies of lower order perturbation techniques, offers better opportunities for
composites optimization (Kalamkarov and Kolpakov, 1997; Pedersen, 1993) and visualization of homog-
enized characteristics for an interphase. Further engineering applications can be found in superconducting
structures modeling (Kamiński and Schrefler, 2000) as well as in analysis of concrete plates reinforced with
periodically distributed steel reinforcement.
2. Mathematical model

2.1. Random periodic composite

Let us consider a periodic multicomponent composite in the unstressed and undeformed plane strain
state. The section of this composite structure Y � R2 in the plane x3 = 0, orthogonal to its longitudinal
direction, where all the components are distributed in parallel, is shown in Figs. 1, 2 in the macro- and mi-
cro-scale, respectively. Let the periodic cell X of Y be rectangular and let the geometric dimensions of X be
related to the corresponding dimensions of Y by a small parameter f > 0. As is illustrated in Fig. 2, the com-
ponents can show some porosity effects and some interface defects can appear in the RVE.

Let us adopt the following assumptions:

(i) elastic properties of a composite (defined on X) are truncated Gaussian random variables with specified
and bounded first two probabilistic moments;



Fig. 1. Periodic composite structure Y.

Fig. 2. The RVE of composite structure in the micro-scale.
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(ii) Y is periodic in the random sense if there exists such a homothetic transformation of X that covers the
whole Y.

Let further X contain n coherent regions, where n 2 N, n <1 satisfy the following conditions:
X ¼
[n
r¼1

Xr [
[n
r¼2

Cðr�1;rÞ; ð1Þ

Xr \ Xs ¼ £; for r 6¼ s; 1 6 r; s 6 n; ð2Þ

where C(r�1,r) is a bounded and sufficiently regular contour being a boundary between the regions Xr�1 and
Xr. Let us consider such a class of periodicity cells X that for every r an interior of contour C(r�2,r�1) is con-
tained in the interior of contour C(r�1,r) and these contours are disjoint. Moreover, let us assume a form of
microcontact to exist on the boundary C(r�1,r) with some random material defects (or discontinuities)
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occurring on this boundary. Let Dr be the total area of the discontinuities belonging to Xr both on bound-
aries C(r�1,r) (denoted as D0

r) and C(r,r+1)(denoted as D00
r ), respectively. Let Cr be a continuum region belong-

ing to Xr. Next, let Cr be, for every 1 6 r 6 n, a linear-elastic transversely isotropic domain, in which the
Young modulus is a truncated Gaussian random variable with specified expected values
E½eðxÞ
 ¼ EberðxÞc; for r ¼ 1; 2; . . . ; n; x 2 Xr; ð3Þ

and variances
VarðeðxÞÞ ¼ VarðerðxÞÞ; for r ¼ 1; 2; . . . ; n; x 2 Xr ð4Þ

x is a random event belonging to the space of elementary events S with non-negative and bounded real
values only. Furthermore, it is assumed that the Young moduli in different regions Xr are uncorrelated ran-
dom variables
CovðerðxÞ; esðxÞÞ ¼ 0; for r; s ¼ 1; 2; . . . ; n; r 6¼ s: ð5Þ

Let us note that the Young moduli are taken as random variables to compare the influence of their random-
ness against the influence of randomness of interface defects parameters on the expected values and vari-
ances of the effective elasticity tensor; the Poisson ratio is assumed now to be a deterministic function,
so that
mðxÞ ¼ mr; x 2 Xr: ð6Þ

Then, the random elasticity tensor field Cijkl (x;x) is defined as follows
Cijklðx;xÞ ¼ eðx;xÞ dijdkl
mðxÞ

ð1þ mðxÞÞð1� 2mðxÞÞ þ ðdikdjl þ dildjkÞ
1

2ð1þ mðxÞÞ

� �
; ð7Þ
where i, j,k, l = 1,2.
All the elastic characteristics are equal to 0 for any x 2 Dr, 1 6 r 6 n. Because of the linear dependence

between the elasticity tensor components and the Young modulus (cf. Eq. (7)), these components have the
truncated Gaussian distributions as well. Therefore their moments can be derived uniquely from the first
two probabilistic moments of the relevant Young modulus. Using a definition of the expected value and
variance of the random variable and denoting
AijklðxÞ ¼ dijdkl
mðxÞ

ð1þ mðxÞÞð1� 2mðxÞÞ þ ðdikdjl þ dildjkÞ
1

2ð1þ mðxÞÞ ; for i; j; k; l ¼ 1; 2; ð8Þ
there holds
EðCijklðx;xÞÞ ¼ AijklðxÞ � Eðeðx;xÞÞ ð9Þ

and
Cov CijklðerðxÞÞ;CmopqðesðxÞÞ
� �

¼ AijklðxÞ � AmopqðxÞ � CovðerðxÞ; esðxÞÞ; ð10Þ
where i, j,k, l,m,o,p,q = 1,2 and r, s = 1,2, . . .,n.

2.2. Geometry of random interface defects

Let us consider a microcontact surface between Xr�1 and Xr on the interface C(r�1,r) (cf. Fig. 3). Let us
assume an approximation of material discontinuities occurring on this boundary by random bubbles with
semi-elliptical shapes, where smaller and greater semi-axes a, b as well as the total number of these defects n
are random variables defined using expected values and their variances. The bubbles major semi-axes coin-
cide with the boundary C(r�1,r); its curvatures is neglected and the bubbles are assumed not to overlap. The
parameters of the bubbles are assumed to have all positive values only. Further, let for every Xr the



Fig. 3. Interface micro-geometry in multicomponent composite.
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expected values and variances of the defect semi-axes and their total number be given. Let us note that such
an approximation of the interface defects is quite close to the structural defects idealization well-known
from fracture mechanics.

In order to formulate a homogenization method for the stochastic interface defects, the subsets
B0
r � Xr and B00

r � Xr are introduced, such that with a probability equal to 1 there holds D0
r � B0

r and
D00
r � B00

r . For this purpose, for r = 1, 2, . . . , n the random variables D0
rðxÞ and D00

r ðxÞ are defined as the
upper bounds on norms of the vectors normal to the interfaces C(r�1,r) and C(r,r+1)
D0
rðxÞ ¼ sup

D0
r

fj ~AE j: A 2 Cðr�1;rÞ;E 2 D0
r;

~AE ? Cðr�1;rÞg; ð11Þ

D00
r ðxÞ ¼ sup

D00
r

fj ~AE j: A 2 Cðr;rþ1Þ;E 2 D00
r ;

~AE ? Cðr;rþ1Þg: ð12Þ
The vectors ~AE are defined on the boundaries C(r�1,r), C(r,r+1) and the boundaries of random interface de-
fects belonging to Da. To introduce a description for B0

r and B
00
r let us consider the upper bounds for prob-

abilistic distributions of D0
rðxÞ and D00

r ðxÞ as
D0
r ¼ E½D0

rðxÞ
 þ 3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðD0

rðxÞÞ
q

; ð13Þ

D00
r ¼ E½D00

r ðxÞ
 þ 3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðD00

r ðxÞÞ
q

: ð14Þ
Thus B0
r and B

00
r can be expressed in the following form:
B0
r ¼ fPðxÞ 2 Xr; dðP ;Cðr�1;rÞÞ 6 D0

rg; ð15Þ

B00
r ¼ fP ðxÞ 2 Xr; dðP ;Cðr;rþ1ÞÞ 6 D00

r g; ð16Þ
where i = 1,2, r = 1,2, . . .,n and d(P,C) denotes the distance from point P to contour C. Finally, the micro-
contact problem of the composite with random interface defects is modelled using an equivalent random
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elastostatics problem for the composite with perfect interfaces, where elastic constants e(x;x) and m(x) of
the continuous interphases are obtained by homogenization of the defects with the remaining material into
the regions Br, r = 1,2, . . .,n.

2.3. Determination of the effective properties for the interphase

The constitutive interphase model provided here is based on the observation that the isotropic effective
elastic properties of the interphase are identical to those of a medium with randomly distributed elliptical
holes. Deterministic formulas derived for this model before (Jasiuk et al., 1994; Tsukrov and Kachanov,
2000) are extended now, using a probabilistic perturbation technique to determine the first two moments
for interphase effective parameters. It should be underlined that the tensor quantity b introduces into
the model both circular and elliptical voids as well as the interfacial cracks, and that is why the interphase
model obeys all these phenomena at the interface.

The homogenized properties of the interphase between fiber and matrix are calculated as for an isotropic
linear elastic medium containing elliptical structural defects. The approach is based on the results obtained
for a single elliptical cavity. Let us represent the total strain in a solid subjected to the applied stress r by the
following sum:
e ¼ c0r þ De; ð17Þ

where the tensor c0 is a compliance tensor of the matrix without defect. The additional strain due to the
introduction of a defect is equal to
De ¼ � 1

2 j X j

Z
oX
ðunþ nuÞdðoXÞ ð18Þ
with u and n denoting displacements of the defect boundary oX and the unit vector normal to this boundary
(directed into the defect), X is the total (including a defect) reference area of the tensioned specimen. The
elastic potential (complementary energy density) f(r) can be expressed as
f ðrÞ ¼ 1

2
rc0r þ 1

2
rHr ¼ f0ðrÞ þ Df ðrÞ; ð19Þ
where
f0ðrÞ ¼
1

2E0

ð1þ m0ÞtrðrrÞ � m0ðtrðrÞÞ2
	 


ð20Þ
and Df(r) is the change in elastic potential due to the defect presence. For a single elliptical hole in a homo-
geneous and isotropic solid under uniaxial loading P inclined at the angle a, it yields
De11 ¼
Ppb
AE0

ðbþ ðaþ bÞ cos 2aÞ;

De22 ¼
Ppa
AE0

ða� ðaþ bÞ cos 2aÞ;

De12 ¼
Pp
2AE0

ðaþ bÞ2 sin 2a

8>>>>>>>><
>>>>>>>>:

ð21Þ
when the notation introduced is consistent with Fig. 4.



Fig. 4. Structural defect under a general uniaxial loading P.

M. Kamiński / International Journal of Solids and Structures 42 (2005) 3571–3590 3577
The defect compliance tensor can be found as (Tsukrov and Kachanov, 2000)
H ¼ p
AE0

að2aþ bÞnnnnþ bð2bþ aÞmmmmþ 1

2
ðaþ bÞ2ðmnþ nmÞðmnþ nmÞ � abðmmnnþ nnmmÞ

� �
;

ð22Þ
where m,n are unit normals to the axes 2b and 2a of the ellipse (the axis x1 is tangent to the interface in our
model). The first two terms characterize the normal compliances of the defect in the m and n directions, the
third term—the shear compliance and the fourth term corresponds to the Poisson ratio effect. After some
algebra one can get that
Df ðrÞ ¼ r
X
k

HðkÞr ¼ 1

2E0

p½4trðrrÞ � ðtrðrÞÞ2
 þ 2rrðb � pIÞ
	 


ð23Þ
with
p ¼ 1

A

X
k

ðabÞðkÞ ð24Þ
being a porosity parameter and
b ¼ p
A

X
k

ða2nnþ b2mmÞðkÞ ð25Þ
is the second rank defect density tensor. Its linear invariant is equal to
trðbÞ ¼ 1

A

X
k

ða2 þ b2ÞðkÞ ð26Þ
and it characterizes the influence of the defects in the overall compressibility of the weakened material. For
cracks the term 1

p

� �
b reduces to the plane crack density tensor a ¼ 1

A

P
kða2nnÞ

ðkÞ, while for circular holes
b = pI and Df becomes a potential of the isotropic body being proportional to the porosity parameter.
Therefore, the effective moduli are equal to
eðeffÞf1;2g

em
¼ 1þ p þ 2 b11; b22f gð Þ�1 ð27Þ
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as well as
mðeffÞ12 ; mðeffÞ21

n o
¼ mm þ p

1þ p þ 2fb11;b22g
: ð28Þ
For randomly oriented defects isotropic effective properties are obtained and there holds in this case
b11 ¼ p þ q
2
; ð29Þ
then
eðeffÞi ¼ em
1þ p þ 2b11

ð30Þ
as well as
mðeffÞi ¼ mm þ p
1þ p þ 2b11

: ð31Þ
It should be emphasized that these moduli cannot be expressed in terms of porosity alone: the shape factor
like eccentricity parameter q is also necessary.
q ¼ p
A

X
ða� bÞ2 ¼ np

2Xi
ða� bÞ2: ð32Þ
If this factor is ignored, then the homogenized porosity is overestimated, which is the subject of further
computational studies. Further, it yields
p ¼
n pab

2

pf Rþ E½a
 þ 3rðaÞð Þ2 � R2g
¼ nab

2f Rþ E½a
 þ 3rðaÞð Þ2 � R2g
: ð33Þ
Because the denominator consists of some deterministic function and n,a,b are introduced as uncorrelated
random variables, then probabilistic moments of porosity parameter can be derived explicitly. Using basic
definitions and properties of random variables (Feller, 1965) one can demonstrate that
E½p
 ¼ E½n
E½a
E½b

2f Rþ E½a
 þ 3rðaÞð Þ2 � R2g

ð34Þ
as well as
VarðpÞ ¼ 1

4 Rþ E½a
 þ 3rðaÞð Þ2 � R2
n o2

E2½n
VarðaÞVarðbÞ þVarðnÞE2½a
VarðbÞ þVarðnÞVarðaÞE2½b

�

þ E2½n
E2½a
VarðbÞ þVarðnÞE2½a
E2½b
 þ E2½n
VarðaÞE2½b
þVarðnÞVarðaÞVarðbÞg: ð35Þ
Since Eqs. (30) and (31) consists of an inverse of Gaussian variables, the integrals defining expected values
as well as higher order moments may not converge in the general case. Therefore probabilistic perturbation
methodology is proposed to calculate these moments. It is based on an expansion via Taylor series about
the spatial expectations using a small parameter e > 0 and, for some random output, the following expres-
sion is employed:
f ¼ f 0 þ ef ;bDbþ 1

2
e2f ;bbDbDbþ � � � þ 1

n!
en
onf
oxn

ðDbÞn; ð36Þ
where b stands for the random input, Db denotes the variation of this variable around its expected value.
The accuracy of this expansion depends much on the perturbation order. In a general case, the variable b
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can be replaced with the random vector including defects semi-axes and the total number in the analyzed
problem. Following this expression, the expected value and the variance of the resulting function �f � can be
obtained as
E½f ðt,bÞ; b
 ¼ 1� f 0ðt,bÞ þ 1

2
� f ;bbðt,bÞ � VarðbÞ þ 1

4!
� f ;bbbbðt,bÞ � l4ðbÞ

þ 1

6!
� f ;bbbbbbðt,bÞ � l6ðbÞ þ � � �

¼ f 0ðt,bÞ þ 1

2
f ð2Þðt,bÞ þ 1

4!
f ð4Þðt,bÞ þ 1

6!
f ð6Þðt,bÞ þ � � � ð37Þ
and, furthermore
Varð f Þ ¼ VarðbÞ � f ;bf ;b þ l4ðbÞ �
1

4
f ;bbf ;bb þ 2

3!
f ;bf ;bbb

� �

þ l6ðbÞ �
1

3!

� �2

f ;bbbf ;bbb þ 1

4!
f ;bbbbf ;bb þ 2

5!
f ;bbbbbf ;b

 !
þ � � � , ð38Þ
where lk(b) is kth order central probabilistic moment of the variable b. The perturbation parameter is
adopted as e = 1 in Eqs. (37) and (38) and only the first few perturbations are included, especially in the last
relation. As it can be seen in these equations, the symbolic approach perfectly reflects the needs of higher
order perturbation approaches, where automatic differentiation can be efficiently used in conjunction with
higher order statistics for the relevant products of random functions; a perturbation parameter with increas-
ing powers can be inserted directly in the Taylor series expansion, too. This opportunity is realized in numer-
ical experiments to compute symbolically up to the 10th order expression for interphase homogenized
parameters to eliminate the deficiencies of the perturbation technique itself. Finally, let us emphasize that
the interphase model can be further extended to more general defects shapes (Leo and Hu, 1995), anisotropic
effective constitutive law, interacting interface defects, progressing debonding process of the fiber from sur-
rounding matrix and so forth (Jasiuk et al., 1994; Litewka, 1985; Tsukrov and Kachanov, 2000).

2.4. Homogenization of a composite structure with n-components in the RVE

A homogenization procedure for multicomponent materials consists generally in determining the so-
called effective properties that characterize the homogeneous medium equivalent in a desired physical sense
to the original medium. The criteria of equivalence can be generally quite different; the method presented
here is based on the assumption that the strain energies stored in both media (real and homogenized) are
approximately equal (in the sense of weak convergence with scaling parameter tending to 0).

There are two main reasons of significance of the homogenization for computational analysis of com-
posite structures. The first one is that the FEM discretization of such media is very complicated and con-
sumes a lot of computational time. Moreover, while modeling composites, engineers are interested in global
macroscopic behavior rather than in the micro- or mesoscale effects.

To obtain a reliable macro model of composite behavior and to carry out the macro discretization only,
the macro state functions (stress, strains and displacements) should be expressed by the use of the micro
functions and a geometrical scaling parameter f > 0 introduced in Section 2.1. First, let us introduce two
coordinate systems y = (y1,y2,y3) on the microscale of the composite and x = (x1,x2,x3) on the macroscale.
Next, let us consider any periodic state function F defined on the whole R2 set and note that the function
can be expressed as
F fðxÞ ¼ F
x

f

� �
¼ F ðyÞ: ð39Þ
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This expression allows us to describe the macro functions in terms of the micro ones and vice versa. Thus,
the cell problem for a linear elastic periodic structure is formulated as follows (Bensoussan et al., 1978;
Sanchez-Palencia, 1980; Kalamkarov and Kolpakov, 1997; Kamiński, 1995):
orf
ij

oxj
¼ 0

rf
ijnj ¼ pi; x 2 oXr

uf
i ¼ 0; x 2 oXu

rf
ij ¼ Cf

ijklðxÞef
kl

ef
kl ¼ 1

2
uf
k;l þ uf

l;k

	 


8>>>>>>>>>><
>>>>>>>>>>:

i; j; k; l ¼ 1; 2: ð40Þ
Next, it is assumed that all interfaces of the composite are perfect in the microscale, which means
½uf
i 
 ¼ 0; ½rijnC

j 
 ¼ 0; ð41Þ
where [.] denotes a jump of value of the relevant function at the interface. To solve this problem, it is as-
sumed that f tends to 0. Let us consider a bilinear form af(u,v)
afðu; vÞ ¼
Z

X
Cijkl

x

f

� �
eijðuÞeklðvÞdX ð42Þ
and a linear form
LðvÞ ¼
Z

X
F ivi dX þ

Z
oXr

pivi dðoXÞ ð43Þ
in the following Hilbert space
V ¼ v j v 2 H 1ðY Þ
� �3

; vjoXu ¼ 0
n o

; ð44Þ

kvk2 ¼
Z

X
eijðvÞeijðvÞdX: ð45Þ
The variational statement equivalent to the equilibrium problem (40) is to find uf 2 V being a solution of
the following equation:
afðuf; vÞ ¼ LðvÞ ð46Þ

for any v 2 V. For this purpose let us define a space of periodic functions P(X) = {v,v 2 (H1(X))3}, so that
the trace of v is equal on the opposite sides of X. Let us introduce the following bilinear form for any
u,v 2 P(X):
ayðu; vÞ ¼
Z

X
CijklðyÞeijðuÞeklðvÞdX ð47Þ
and let us introduce a homogenization function v(ij)k 2 P(X) as a solution for the so-called local problem on
a periodicity cell
ay vðijÞk þ yjdki
	 


nk;w
	 


¼ 0 ð48Þ
for any w 2 P(X), where nk is the unit coordinate vector. It can be proved that the problem has a unique
solution up to the constant terms.
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Assuming that
Cijkl 2 L1ðR3Þ; ð49Þ

Cijkl ¼ Cklij ¼ Cjikl; ð50Þ

8nij ¼ nji; 9C0 > 0; Cijklnijnkl P C0nijnij; ð51Þ
the effective elasticity tensor components can be found from the following theorem:
Homogenization theorem

The solution uf of problem (46) converges weakly in space V
uf ! u ð52Þ

if the tensor Cf

ijklðyÞ is X-periodic and its components fulfill conditions (49)–(51). The solution u is the un-
ique solution of the problem
u 2 V ; Sðu; vÞ ¼ LðvÞ ð53Þ

for any v 2 V and
Sðu; vÞ ¼
Z
Y
SijkleijðuÞeklðvÞdY ; ð54Þ
where
Sijkl ¼
1

j X j ay vðijÞp þ yidpj
	 


np; vðklÞr þ yldrk
	 


nr

	 

: ð55Þ
To provide a solution for the n-component periodic fiber-like composite defined in Section 2.1, the local
problem is considered in its differential form
o

oxj
Cijkl

x

f

� �
eklðufÞ

� �
þ F i ¼ 0; uf

i ¼ 0 for y 2 oX: ð56Þ
Next, the following representation is introduced for the displacement field by means of parameter f as
follows:
ufðxÞ ¼
X1
m¼1

fmuðmÞðx; yÞ; ð57Þ
where any u(m)(x,y) is periodic in y with a periodicity cell X. Let us note that the differentiation separates the
variables x and y so that
eijðvÞ ¼ exijðvÞ þ
1

f
eyijðvÞ; ð58Þ
where exijðvÞ can be described as
exijðvÞ ¼
1

2

ovi
oxj

þ ovj
oxi

� �
; ð59Þ
while eyijðvÞ can be expressed in a similar form by the derivation with respect to y. Thus Eq. (56) can be
rewritten in the following form:
f�2L1 þ f�1L2 þ L3
� �

�
X1
m¼1

fmuðmÞðx; yÞ þ F ¼ 0; ð60Þ
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where
L1u ¼ o

oyi
ðCijklðyÞÞeyklðuÞ; ð61Þ

L2u ¼ CijklðyÞ
o

oxj
eyklðuÞð Þ þ o

oyi
CijklðyÞexklðuÞ
� �

; ð62Þ

L3u ¼ CijklðyÞ
o

oxj
exklðuÞ
� �

: ð63Þ
Next, by equating the terms with the same order of f to 0, an infinite sequence of equations of zeroth, first
and second order relations is obtained. They can be written as
L1uð0Þ ¼ 0; ð64Þ

L1uð1Þ þ L2uð0Þ ¼ 0; ð65Þ

L1uð2Þ þ L2uð1Þ þ L3uð0Þ þ F ¼ 0: ð66Þ

Functions u(0), u(1) and u(2) can be found from these equations recurrently if only x and y are independent
variables. Let us also note that the equation
L1uþ P ¼ 0 ð67Þ

for u being a X-periodic function has a unique solution for
hPi ¼ 1

j X j

Z
X
Pdy ¼ 0: ð68Þ
Starting from the above equations, it yields
uð0Þðx; yÞ ¼ uðxÞ; ð69Þ

while Eq. (61) takes the following form:
L1uð1Þðx; yÞ þ
o

oyi
ðCijklðyÞÞexkl uð0ÞðxÞ

� �
¼ 0: ð70Þ
A separation of the variables x and y leads to
uð1Þi ðx; yÞ ¼ vðklÞiðyÞexkl uð0Þ
� �

þ uiðxÞ: ð71Þ
The last two equations give the formulation for the X-periodic functions v(kl)i(y) as
o

oyi
CijklðyÞ

ovðklÞmðyÞ
oym

� �
þ o

oyi
CijklðyÞ ¼ 0: ð72Þ
It is seen that the local problem for the homogenization function v(kl)i(y) reduces to the equations posed
above for any region Xr, where 1 6 r 6 n and the following conditions at the interfaces C(r�1,r) hold true
for r = 2, . . . ,n:
vkli
� �

¼ 0 ð73Þ
and
rij vðpqÞ

	 

nj ¼ ½Cpqij
jCðr�1;rÞ

nj ¼ F ðpqÞijCðr�1;rÞ
¼ CðrÞ

pqij � C
ðr�1Þ
pqij ; x 2 Cðr�1;rÞ ð74Þ
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is a difference of the elasticity tensor values for the components Xr�1 and Xr. Hence, the variational formu-
lation necessary for the Finite Element Method analysis of the local problem can be written out as (see
Kamiński and Schrefler, 2000)
Xn
r¼1

Z
Xr

Cijklekl vðpqÞ

	 

eijðvÞ ¼ �

Xn
r¼2

Z
Cðr�1;rÞ

rijðvðpqÞÞnjvi dC þ
Z

X
fivi dX: ð75Þ
Introducing definition (74) and neglecting composite body forces, it is obtained that
Xn
r¼1

Z
Xr

Cijklekl vðpqÞ� �
eijðvÞdX ¼ �

Xn
r¼2

Z
Cðr�1;rÞ

½Cijpq
jCðr�1;rÞ
njvi dC: ð76Þ
Further, the effective elasticity tensor components are derived from the following relation:
�
Xn
r¼2

Z
Cðr�1;rÞ

½Cijpq
jCðr�1;rÞ
njvi dC ¼

Z
X
CijpqeijðvÞdX ð77Þ
to arrive at
Xn
r¼1

Z
Xr

Cijklekl vðpqÞ� �
eijðvÞdX ¼

Z
X
Cijklekl vðpqÞ� �

eijðvÞdX ¼ �
Z

X
CijpqeijðvÞdX: ð78Þ
Therefore, it yields
CðeffÞ
ijpq ¼ 1

j X j

Z
X
Cijpq þ Cijklekl vðpqÞ� �� �

dX: ð79Þ
Summing up all the considerations dealing with the homogenization problem, the effective elasticity tensor
components are computed using Eq. (79) thanks to the homogenization function v(kl)i being a solution to a
boundary value problem with periodicity conditions on external boundaries of X; the stress boundary
conditions are equal to the difference of constitutive tensor components at the composite interface (see
Eq. (74)).

It should be mentioned that the presented homogenization method has a general character due to the
fact that the effective elasticity tensor components do not depend neither on the total number of composite
components within the RVE nor on their shape, opposite to some previous models.

Further, analyzing Eq. (79), it is clear that if the second component of the R.H.S. integrand function
is omitted, well-known upper bounds for the effective elasticity tensor for the composite are returned
(Christensen, 1979; Milton, 2002). The experimental and computational analyses prove that these bounds
are easy to calculate even for the case of random spaces of composite constituents elastic characteristics, but
their values are significantly exaggerated in comparison to the real effective properties. To reduce these
bounds, the local problem described above is solved and the displacement homogenization function com-
ponents are computed.
3. Computational implementation

Let us introduce the following approximation of homogenization functions v(uv)i at any point of the con-
sidered continuum X in terms of a finite number of generalized coordinates q(uv)a and shape functions uia:
vðuvÞi ¼ uiaqðuvÞa; i; u; v ¼ 1; 2; a ¼ 1; . . . ;N ð80Þ
and the strain eij(v(uv)) as well as stress rij(v(uv)) tensors
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eij vðuvÞ

	 

¼ BijaqðuvÞa; ð81Þ

rijðuvÞ ¼ rij vðuvÞ

	 

¼ Cijklekl vðuvÞ

	 

¼ CijklBklaqðuvÞa; ð82Þ
where Bkla is a conventional FEM strain-nodal displacement operator and the virtual work equation looks
like
 Z

X
dvðuvÞi;jCijklvðuvÞk;l dX ¼

Xn
r¼2

Z
Cðr�1;rÞ

dvðuvÞi½F ðuvÞi
jCðr�1;rÞ
dC ðno sum on u; vÞ: ð83Þ
Next, let us define the global stiffness matrix as
Kab ¼
XE
e¼1

KðeÞ
ab ¼

XE
e¼1

Z
Xe

CðeÞ
ijklBijaBklb dX: ð84Þ
Introducing this matrix into Eq. (83) and minimizing it with respect to the generalized coordinates we arrive
at
KabqðuvÞa ¼ QðuvÞa; ð85Þ
where the R.H.S. vector consists of the stress interface conditions. To assure the symmetry conditions on
the periodicity cell quarter, the orthogonal displacements and rotations for every nodal point belonging to
the external boundaries of X are fixed. For the functions v(uv)i so obtained, we compute the resulting stresses
and then average them numerically over the region X.

In the case of randomly varying elastic characteristics of the composite, probabilistic moments of the
effective elasticity tensor are computed. Expected values of the tensor can be determined as follows:
E CðeffÞ
ijpq

h i
¼ E hCijpqiX

� �
þ E Cijklekl vðpqÞ

	 
D E
X

h i
; ð86Þ
while the variances have the form
Var CðeffÞ
ijpq

	 

¼ Var hCijpqiX

� �
þ Var Cijklekl vðpqÞ

	 
D E
X

	 

þ 2Cov hCijpqiX; Cijklekl vðpqÞ

	 
D E
X

	 

: ð87Þ
Probabilistic moments of the effective characteristics are determined usingMonte-Carlo simulation technique
and the statistical estimation methods (Bendat and Piersol, 1971; Boswell et al., 1993) thanks to the unbiased
estimators of effective elasticity tensor components. Finally, the following limits for Gaussian variables:
lim
M!1

b CðeffÞ
ijkl

	 

¼ 0; lim

M!1
c CðeffÞ

ijkl

	 

¼ 3 ð88Þ
are employed. They are very useful together with the PDF estimator to verify the output probabilistic dis-
tribution functions type, which is completely impossible by theoretical derivations.
4. Numerical experiments

4.1. Symbolic computations of interphase material parameters

The first group of numerical experiments deals with symbolic computations of the homogenized para-
meters for the interphase using the mathematical package MAPLE V (see Cornil and Testud, 2001). Using
basic equations derived in Section 2.3 together with the perturbation analysis implemented in this program,
probabilistic moments for the effective Young modulus and Poisson ratio are computed. Taking into
account the limitations on input random variations in the perturbation analysis, 2nd, 4th, 6th, 8th and
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10th order equations have been derived symbolically to eliminate those limitations. Effective interphase
parameters are determined in the case of the fiber-reinforced composite, where all the semi-elliptical defects
are located in the matrix around the fiber-matrix interface. The following data are inserted into the MAPLE
script: R = 0.5 (fiber radius), E[em] = 4.0GPa, r(em) = 0.0GPa, mm = 0.34, E[a] = 0.005; standard devia-
tions for all geometrical input random quantities are assumed to be at the level of 15% of the relevant ex-
pected values. Young modulus of the matrix is practically adopted as a deterministic parameter to separate
the influence of its randomness from random fluctuations of the defects. Visualization tools of the program
are engaged to demonstrate the variability of expectations for homogenized interphase elastic parameters
with respect to (1) the flatness parameter relating expected values of minor to major semi-axes of the defects
as well as to (2) expected value of the defects number. The maximal value of this parameter equal to 100
corresponds to the situation, where the defects occupy about 33% of the entire fiber-matrix boundary.

As it can be seen from comparison of Figs. 5 and 6 with Figs. 7 and 8, the differences between 2nd and
10th order results can be neglected for the randomness input level chosen, however these differences
can change together with increasing standard deviations of defects parameters. Some verification of
Fig. 5. Expected values for homogenized Young modulus, 2nd order perturbation approach.

Fig. 6. Expected values for homogenized Poisson ratio, 2nd order perturbation approach.



Fig. 7. Expected values for homogenized Young modulus, 10th order perturbation approach.

Fig. 8. Expected values for homogenized Poisson ratio, 10th order perturbation approach.
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homogenized formulas is obtained for E[n] = 0, where the initial elastic parameters for the matrix are ob-
tained. The greatest decrease of effective elastic parameters for interphase is obtained for lower limit on the
flatness parameters. It means that the worst scenario for the composite is to introduce long cracks between
the matrix and the fiber along the interface; then the expected values of interphase Young modulus and
Poisson ratio decrease more than twice. The smallest decrease of these homogenized parameters is obtained
in the case when the flatness parameter is equal to 1, which is equivalent to semi-circular interface defects;
Young modulus decreases for more than 25% of its initial value, whereas the Poisson ratio is almost non-
sensitive to any changes.

Standard deviations of the homogenized Young modulus and Poisson ratio for the interphase are col-
lected in Figs. 9 and 10, correspondingly. They are obviously equal to 0 when the total number of the de-
fects equals to 0, quite similarly to the relevant expected values. As it is documented in Fig. 10, the Poisson
ratio standard deviations are also equal to 0 for unitary flatness parameter and for any number of the de-
fects along the interface. Further, the greatest decrease is observed once more in the case of the flatness
parameter minimum for both effective Young modulus and Poisson ratio; generally standard deviations
do not exceed the input variables standard deviations level.



Fig. 9. Standard deviations for homogenized Young modulus, 2nd order perturbation approach.

Fig. 10. Standard deviations for homogenized Poisson ratio, 2nd order perturbation approach.
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4.2. Probabilistic analysis of the homogenized elasticity tensor

A numerical analysis of the periodic random fiber composite homogenization with stochastic interface
defects is performed using the specially adopted FEM and homogenization-oriented program MCCEFF
(Kamiński, 1995). Internal automatic generator of this program for the square RVE with centrally located
round fiber occupying 50% of the RVE with interface defects is used to prepare the mesh; discretization
with 144 four-noded plane strain finite elements and 153 nodes is displayed in Fig. 11.

Considering the greater composite sensitivity to the matrix defects, only a fiber-reinforced structure with
such voids is analyzed. Elastic parameters of the fiber material are taken as E[e1] = 84GPa, m1 = 0.22 and
for the matrix E[e2] = 4GPa, m2 = 0.34, while standard deviations for both Young moduli are equal to 0.15
of the corresponding expectations. 3.000 Monte-Carlo samples are performed each time for a flatness
parameter of the defects equal to 1.5 (E[b] = 0.010 and E[a] = 0.015) and expectations of their total number
equivalent to 0%, 12%, 24%, 36% and 48% (E[n] = 0, 10, 20, 30, 40 and 50) of the entire fiber-matrix inter-
face length. All the input and output data are collected in Table 1. For a specific value of E[n], the expected



Fig. 11. FEM discretization of periodicity cell.

Table 1
Input and output data in FEM homogenization

E[n] E[e(eff)] m(eff) Var(e(eff)) CðeffÞ
1111 CðeffÞ

1122 CðeffÞ
1212

0 4.0000E9 0.3400 0.3600E18 15.342 5.0928 17.587
0.15235 0.15235 0.15235
0.027063 0.027109 0.027101
3.101 3.1013 3.1014

10 3.3236E9 0.3348 0.2683E18 15.036 5.0344 17.578
0.15299 0.15265 0.15236
0.026992 0.027041 0.027097
3.1013 3.1015 3.1014

20 2.8487E9 0.3313 0.2234E18 14.755 4.9816 17.571
0.15434 0.15332 0.15239
0.025878 0.026366 0.027132
3.1028 3.1021 3.1014

30 2.4955E9 0.3287 0.1931E18 14.492 4.9319 17.566
0.15598 0.15417 0.15240
0.023015 0.024824 0.027095
3.1057 3.1040 3.1014

40 2.2216E9 0.3267 0.1693E18 14.245 4.8843 17.562
0.15775 0.15515 0.15241
0.019253 0.021971 0.027103
3.1103 3.1077 3.1013

50 2.0028E9 0.3252 0.1497E18 14.011 4.8381 17.559
0.15953 0.15620 0.15242
0.014316 0.018409 0.027108
3.1171 3.1125 3.1013
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values and variances of interphase effective Young modulus and Poisson ratio are given together with (1)
expected values, (2) coefficients of variation, (3) coefficients of asymmetry as well as (4) coefficients of flat-
ness for the effective elasticity tensor components.

The first, most general observation is that all the analyzed random variables, in the context of Eq. (88),
are with a good approximation Gaussian random variables. It eliminates the necessity of statistical estima-
tion for higher than the second probabilistic moments. They can be recovered using a relevant integration
of probability density function with expectations and standard deviations inserted from this initial Monte-
Carlo based FEM estimation. This result was obtained before for the fiber-reinforced composites with
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perfect interface as well as with semi-circular defects combined with interphase model (Kamiński, 1995).
Constitutive relations for the interphase were essentially different and were based on a simple probabilistic
version of the spatial averaging.

Furthermore, as it can be expected, an increase of the interface defects number decreases expectations for
all the components of the effective elasticity tensor; the decreases collected in Table 1 are small, however
essentially greater than those obtained before for the semi-circular interface defects and their spatial aver-
aging into the interphase. It should be mentioned that this effect strongly depends on the defects flatness
parameter – more essential changes should be observed for decreasing value of this parameter according
to the results presented in Figs. 5–8. Those expectations decreases are the most apparent in the case of
CðeffÞ

1111; a quite similar relation is obtained for the asymmetry coefficients that are all positive. The only excep-
tion is CðeffÞ

1212, where these coefficients oscillate around some value. Essentially different observations can be
made in terms of coefficients of variation, whose values systematically increase together with E[n], once
more at most for the component CðeffÞ

1111. The fourth order coefficients of flatness behave analogously, increas-
ing their values above the value proposed by Eq. (88) for the Gaussian variables. It means that they are
more concentrated around their expected values than it is obtained for composite structures with perfect
interfaces.

Finally, the effective properties values collected in Table 1 do not change a lot from their initial values for
the non-defected composite. However, they are obtained for small defects in comparison with the fiber
radius. Their geometrical flatness parameter is adequate rather to porosity effects than to the interface
cracks. This situation may essentially change if the defects shape tends to an elongated semi-ellipse, which
should be the subject of further extended computational studies. Another interesting result can be obtained
when the homogenized constitutive law will be implemented according to the assumption about the interact-
ing interface defects, being a starting point to delamination modeling using the homogenization approach.
5. Concluding remarks

1. The multiscale homogenization method presented here makes it possible to estimate probabilistic
moments for the effective elasticity tensor in the case of multicomponent composites with semi-elliptical
interface defects. Such a model of the defects is relevant to both interface cracks (for greater flatness ratio
between minor and major semi-axes of semi-ellipses) and natural matrix porosity or cavitation erosion
(in the case of semi-circular voids between the components). As it is computed symbolically using the
program MAPLE, probabilistic moments of effective interphase parameters are most sensitive to the
defects total number at the interface in the case of a geometrical flatness parameter tending to 0.
The greatest decrease of effective material parameters is obtained for the lower limit on this variable.
It is consistent with the engineering observations that the cracks along the interfaces are most dangerous
defects for composite behavior, whereas the semicircular defects do not modify the stresses around the
fiber-matrix boundary to a significant extent.

2. As it is seen in the homogenization results, the effective elastic parameters on the microscale appear to be
with a good accuracy Gaussian random variables for the new defects shape, which eliminates the neces-
sity of higher than the second order probabilistic moment estimation and where essentially longer
Monte-Carlo sample is necessary (Kamiński and Kleiber, 2000). A computational symbolic-FEM
homogenization approach can be used to model effective properties for superconducting and/or rein-
forced concrete periodic composites. Finally, this methodology can be enriched with (a) thermomechan-
ical multiscale analyses using algebraic results contained in (Christensen, 1979; Kalamkarov and
Kolpakov, 1997; Milton, 2002), (b) image analysis programs and concepts (Terada et al., 1997) as well
as (c) computational parallelization procedures (Cruz and Patera, 1995) to speed up the entire simulation
process.
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Kamiński, M., 1995. Stochastic contact effects in periodic fibre composites. Journal of Theoretical and Applied Mechanics 2, 415–441.
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